The aim of this paper is twofold. First we give a short survey of the existing results on various notions of harmonic numbers; and then we make a preliminary study of bi-unitary harmonic numbers.
Introduction
In 1948 O. Ore [11] considered numbers n whose divisors have integral harmonic mean
where 1 = d 1 < d 2 < · · · < d r = n are all the divisors of n. Since
and r = d(n) (with σ(n) and d(n) denoting the sum, resp. number of divisors of n), clearly
so H(n) is an integer iff σ(n)|nd(n)
C. Pomerance [12] called a number n with property (1), a harmonic number. Ore proved that if n is perfect (i.e. σ(n) = 2n), then it is harmonic. Indeed, if n is perfect, then 2|d(n) is always true, i.e. n is not a perfect square.
Ore proved also that if n is harmonic, then ω(n) ≥ 2, and Pomerance
showed that the only harmonic numbers with two distinct prime factors are the even perfect numbers. In 1963 M. V. Subbarao [14] called the number n a balanced number if σ(n) d(n) = n 2 , and proved that n = 6
is the single balanced number. Now, remark that a balanced number satisfies H(n) = 2, so it is a particular harmonic number. M. Garcia [4] extended the list of harmonic numbers to include all 45 which are < 10 7 , and found more than 200 larger ones. The least one, apart from 1 and the perfect numbers, is 140. All 130 harmonic numbers up to 2 · 10 9 are listed by G. L. Cohen [1] ; and R. M. Sorli (see Cohen and Sorli [2] ) has continued the list to 10 10 . Ore conjectured that every harmonic number is even, but this probably is very difficult. Indeed, this result, if true, would imply that there are no odd perfect numbers. See also W. H. Mills [9] , who proved that if there exists an odd harmonic number n, then n has a prime-power factor greater than 10 7 .
In 1998 G. L. Cohen and M. Deng [3] have introduced a generalization of harmonic numbers. Let k ≥ 1, integer and let σ k (n) be the sum of kth powers of divisors of n. Then n is called k-harmonic, if
They proved that for k > 1 there is no k-harmonic number in the range 1 < n ≤ 10 10 .
Let σ * (n) and d * (n) denote the sum, resp. number-of unitary divisors of n. M. V. Subbarao and L. J. Warren [15] introduced the unitary perfect numbers n satisfying σ * (n) = 2n. They found the first four unitary perfect numbers, while the fifth one was discovered by Ch. Wall [18] . A number n is called unitary harmonic if
concept introduced by K. Nageswara Rao [10] , who showed that if n is unitary perfect, then it is also unitary harmonic. P. Hagis and G. Lord [6] proved that if H * (x) is the counting function of these numbers, then for ε > 0 and large x one has
The same result was obtained in 1957 by H.-J. Kanold [8] for the counting function of harmonic numbers.
Wall [19] showed that there are 23 unitary harmonic numbers n with ω(n) ≤ 4, and claimed that there are 43 unitary harmonic numbers n ≤ 10 6 . However, Hagis and Lord [6] have shown this with 45 in place of 43.
Recently, T. Goto and S. Shibata [5] have determined all harmonic numbers satisfying H(n) ≤ 300. According to the Referee, Goto and K.
Okeya have extended the study to H(n) ≤ 1200.
For infinitary harmonic numbers, related to the concept of an "infinitary divisor", see Hagis and Cohen [7] .
For many results involving these topics, see also Chapter I of the author's recent book [13] . 
Let d * * (n) be the number of bi-unitary divisors of n. Then it is also known (see D. Suryanarana [16] ) that if n = p a 1 1 . . . p ar r is the prime factorization of n > 1, then
We now introduce the main notion and results of this paper.
Definition. The number n is called bi-unitary harmonic, if
Theorem 1. Let k ≥ 1 be an integer and suppose that n is bi-unitary k-perfect, i.e. σ * * (n) = kn. Then n is bi-unitary harmonic iff
Particularly, 6, 60, 90 are bi-unitary harmonic numbers.
Proof. (7) is a consequence of Definition (6) and the definition of bi-unitary k-perfect numbers. Remark that for k = 2, by relation (5), (7) is always true. By Wall's result on bi-unitary perfect numbers it follows that 6, 60, 90 are also bi-unitary harmonic numbers.
Let ω(n) denote the number of distinct prime factors of n.
Corollary. If ω(n) ≥ 2 and n is bi-unitary 4-perfect, then n is biunitary harmonic number.
Proof. Remark that for ω(n) ≥ 2, by (5), 4|d * * (n) so by (7) the result follows. Proof. Since all a i (i = 1, r) are odd, by (5),
and by (4),
Thus (6) is true if and only if (1) is true.
Corollary. 1) Besides 1, the only squarefree bi-unitary harmonic number is 6. This follows by a result of Ore [11] on harmonic numbers.
2) If n is odd bi-unitary harmonic, with all a i odd, then n has a component exceeding 10
This follows by the result of Mills stated in the Introduction, as well as by the fact that if ω(n) = 2, then n being harmonic, it must be a perfect number. All even perfect number has the form 2 2k p, where p is an odd prime. Since 2k = even, this leads to a contradiction.
Remark. By Theorem 2, new bi-unitary harmonic numbers can be found. For example, n = 2
3 · 7 · 13 = 2457000, see [2] for a list of harmonic seeds and harmonic numbers.
A computer program, on the other hand, may be applied for a search of bi-unitary harmonic numbers. For example, there are 50 such numbers n ≤ 10 6 , but the search could be extended to 10 9 (see the Table at the end of the paper), etc.
Theorem
Proof. If n = p 2a is a prime power, with even exponent 2a, then by
Clearly p 2a is relatively prime to 1
we must have
But this is impossible, since the first term contains a number of 2a
terms, each (excepting 1) greater than 1, so 1
Corollary. If n is bi-unitary harmonic number, then ω(n) ≥ 2. Indeed, by Theorem 3, n cannot be of the form p 2a . On the other hand, if n = p 2a+1 (p prime), then it is harmonic, contradicting Ore's result that ω(n) ≥ 2.
If there are odd, as well as even exponents, the following particular result holds true:
Theorem 4. There are no bi-unitary harmonic numbers of the form
so n is bi-unitary harmonic iff
For a = 1, b = 1 this becomes
Since (1 + p + p 2 + p 3 , p 3 ) = 1 and (1 + q 2 , q 2 ) = 1, it follows that
If p = 2, it follows (1 + q 2 )|64, which is impossible for all q. Similarly, if q = 2, then 5|8p 3 , so p = 5, and then the first relation of (11) is impossible. Thus, p, q ≥ 3. Remark that 1
and that (11) implies that (1 + p) and (1 + p 2 ) can have only two distinct prime factors, namely: 2 and q. Let 1 + p = kq, i.e. p = kq − 1. Then
is divisible by q only if q = 2. But this is impossible.
Clearly k is even, k = 2s, so p 2 + 1 = 2(2s 2 q 2 − 2sq + 1) which cannot be a power of 2, since 2s 2 q 2 − 2sq + 1 is odd. Thus (1 + p)(1 + p 2 ) can have also other prime factors than 2 and q, contradicting (11).
Remark. It can be proved similarly that there are no bi-unitary harmonic numbers of the form pq 4 or p 3 · q 4 , and that the only one of the form pq 2 is 5 · 3 2 .
Finally, we state the following result:
Theorem 5. Let n be of the form
and let
(p i and q j are distinct primes; a i , b j positive integers). Suppose that n 1 is a harmonic number, while n 2 a unitary harmonic number. Then n = n 1 n 2 is a bi-unitary harmonic number.
Proof. This follows from the fact that for the numbers n given above one has the identity
where H, H * , H * * are the corresponding harmonic means (e.g. H * * (n) = nd * * (n)/σ * * (n)). Identity (12) can be proved by using the definitions and the results (e.g. relation (5)) for the above functions. 
Related numbers
As we have seen, the harmonic means of divisors, unitary divisors, and bi-unitary divisors are given explicitly by
.
In what follows, the harmonic, unitary harmonic, resp. bi-unitary harmonic numbers will be called simply as H, H * , resp. H * * -numbers.
This will be motivated also by the introduction of the following six new fractions and related numbers:
When H 1 (n) is an integer, we will say that n is a H 1 number, etc.
By remarking that d * * (n) is always divisible by d * (n), and that if n has the form n = p
, we can state the following result:
Corollary. In all cases, a H 2 -number is also a H 4 -number; a H * -number is also a H 6 -number; a H 5 -number is also a H * * -number. If n = p ε 1 1 . . . p εr r , then n is a H * * -number iff it is a H * , and a H 6 -number; n is H 5 -number, iff it is a H * -number, and n = H 2 -number iff n = H 4 -number. If all a i are odd, then the notions of H 2 and H 5 -numbers; H, H 3 , H 4 -numbers; resp. H 1 and H 6 -numbers coincide.
Remark. Since in Wall [19] there are stated all H * -numbers with ω(n) ≤ 4, we can say from the These complement some results of Theorem 4.
Clearly, the deeper study of all of the above numbers cannot be done in this paper (but there are some results under preparation). We state only the following result:
If n is a perfect number, then n is a H 2 and H 4 -number, too. If n > 1 is a H 2 -number, then it cannot be a geometric number (i.e. a perfect square).
Proof. Let σ(n) = 2n. Then, as d * (n) = 2 ω(n) , and 2|d * * (n), clearly H 2 (n) and H 4 (n) will be integers. It is well known that σ(n) is odd if n is a perfect square (i.e., n = m 2 ). Then, if H 2 (n) is an integer, then clearly σ(n) divides n, and this is possible only for n = 1.
Remarks.
1) The similar problem in the case of H-numbers, i.e. if they are or not geometric, is a difficult open question (see e.g. [2] ).
2) A number n > 1 is called friendly number (or Duffinian number), see e.g. [13] , if (n, σ(n)) = 1. Clearly, if n is friendly, then n cannot be H 2 -or H 4 -number. Indeed, in this case one must have σ(n)|d * (n), or σ(n)|d * * (n), but this is impossible for n > 1, since σ(n) > d * * (n) ≥ d * (n) for n > 1. A similar result holds true for the H-numbers.
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